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n 
1. Using the Principle of Mathematical Induction, prove that 5 r= av (n+1° forall nE Z+. 


2. Sketch the graphs of y=3-|x| and y=|x—1] in the same diagram. 


Hence or otherwise, find all real values of x satisfying the inequality |x|+|x—1| 3. 





[see page three 
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3. Sketch, in an Argand diagram, the locus of the points that represent complex numbers z satisfying 


Arg (z — 31) = ae i 


| 8 
4. The coefficients of x and x“ of the binomial expansion of (x? + 3) are equal. Find the value of 
the constant k. 





[see page four 
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|9. Let P=(1,2) and Q = (7,10). Write down the values of the constants a and b such that the equation 
of the circle with points P and Q as the ends of a diameter is § = (x - 1) (x-a) + (y — 2) (y - b) = 0. 


Let S = S + À (4x -3y +2) = 0, where AER. Show that the points P and Q lie on the circle S = 0, 
and find the value of A such that this circle passes through the point R = (1,4). 





xk [see page seven 
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* Answer five questions only. 


11. (a2) Let a, BER. Write down the discriminant of the equation 3x —2(a + b)x + ab=0 in terms of 
a and b, and hence, show that the roots of this equation are real. 


Let a and f be these roots. Write down a+ and af in terms of a and b. 


Now, let 8=a+2. Show that a*-ab+b?=9 and deduce that |a|<V12, and find b in terms 
of a. 





Let c(#0) and d be real numbers, and let f(x) =° +42 + cx+ d. The remainder when f(x) 
is divided by (x +c) is —c’. Also, (x—c) is a factor of f(x). Show that c =-2 and d= -12. 


For these values of c and d, find the remainder when f(x) is divided by (x? —4). 


12.(a) A committee of six members has to be selected from among the members of two groups, each 
having three boys and two girls, such that the number of girls in the committee is at most two. 
Find the number of different such committees that can be formed if, 


(i) even number of members from each group are to be selected for the committee, 
(ii) only one girl is to be selected for the committee. 













l z and U, = ee) for rEZ . 


(r+1) (r+ 1)? (+3) 
Show that f(r) —f(r +2) =4U, for rEZ“. 


(b) Let f= 


n 
13 1 1 $ 
Hence, show that U, = > - ee for neZ. 
2 " IM n2} (n+ 3 


oO 


Deduce that the infinite series 5 U, is convergent and find its sum. 
2n r=l 

+ 
Let t, = SU, for nEZ i 


r=n 


Show that lim t, =0. 


[see page eight 
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1 1 0 
2 4 -I 








and B=| -1 0 |, where c@ER. 
1 3a 


13.(a) Let A= 









Find the matrix P defined by P = AB and show that P~! does not exist for any value of a. 






Show that if p|} ]=s[2) tena =2 





With this value for a, let Q = P + I, where I is the identity matrix of order 2. 





-1 
Write down Q™ and find the matrix R such that AA? -ÅR = ($0) . 





(b) Let z=x+ iy, where x,y ER. Define the modulus |z| and the conjugate Z of z. 






Show that (i) zz =|zř, 








(ii) z+z=2Rez and z-Z =2ilImz. 






n 





+Z Show that Rew 
—Z 


Let z#1 and w= 





| 


I 
z 
O 
5 
= 
l 






— 





Show further that if z= cosat+isina (0<a <2z), then w= icot =. 





(c) In an Argand diagram, the points A and B represent the complex numbers —3i and 4 respectively. 
The points C and D lie in the first quadrant such that ABCD is a rhombus and BAD = 0, where 


6 = sin! (5) . Find the complex numbers represented by the points C and D. 


25 







16(x-1) 


14.(a) L a 
ee (x+1)°(3x-1) 






for x # pl 
3 





Show that f'(x), the derivative of f(x), is given by f(x) = Z e 
(x + 1PGx—1) 


Sketch the graph of y=f(x) indicating the asymptotes and the turning points. 





for x# —-1, dL 
3 







Using the graph, find the values of KEIR such that the equation k(x + 1)* (3x- 1) = 16(x- 1) 
has exactly one root. 










(b) A bottle with a volume of 391 mcm? is 
to be made by removing a disc of radius 
r cm from the top face of a closed hollow 
right circular cylinder of radius 3rcm and 
height 54cm, and fixing an open hollow 
right circular cylinder of radius recm and 
height Acm, as shown in the figure. It is 
given that the total surface area Scm* of 
the bottle is $= zr (32h + 17r}. Find the 
value of r such that § is minimum. 













[see page nine 
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15.(a) (i) Comparing the coefficients of x”, x! and x°, find the values of the constants A, B and C 
such that Ax? (x— 1) + Bx x- 1)+ C x- 1)- AX =1 for all xER. 


Hence, write down 1- in partial fractions and find lat, dx 
x (x-1) x (x-1) 


(ii) Using integration by parts, find | x’ cos 2x dx. 


T 


(b) Using the substitution 0 = tan! (cosx), show that |= dx = 2In(1+ V2). 


4 V1+ cos?x 


a a T 
Using the formula | fD dx= | f(a—x) dx, where a is a constant, find | dx. 
0 oO 


‘i V1+ cos?x 




















16. Let A=(-2, —3) and B=(4, 5). Find the equations of the lines /, and l, through the point A 


such that the acute angle made by each of the lines /, and /, with the line AB is Z. 


The points P and Q are taken on /, and 1, respectively such that APBQ is a ian 

Find the equation of PQ, and the coordinates of P and Q. 

Also, find the equation of the circle $ through the points A, P, B and Q. 

Let A>1. Show that the point R= (4/,5A) lies outside the circle S. 

Find the equation of the chord of contact of the tangents drawn from the point R to the circle S. 


As AC) varies, show that these chords of contact pass through a fixed point. 


17. (a) Solve cos 20 + cos 30 =0 for 0< 0< r. 
Write down cos 2@ and cos 30 in terms of cos 9, and show that 

cos 20 + cos 30 = 48 + 2 —3t-1, where t= cos 0. 
Hence, write down the three roots of the equation 4° + 2 —-3t-1=0 and show that the roots 


of the equation 47 —2t-1=0 are cos and cos Š% 





Deduce that cos zs I, 


(b) Let ABC be a triangle and let D be the point on BC such that BD:DC=m:n, where 
m,n>O. It is given that BAD = & and DAC = B . Using the Sine Rule for the triangles BAD 


and DAC, show that @2 = sind where b=AC and c= AB. 
nc sin B 


Hence, show that mb—ne — tan S—P) cot a+ B) 
mb +nec 2 2 


(c) Show that 2tan! (2) +tan! 8 - Zz 
3 3 2 
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1. Two particles A and B of masses 2m and m respectively, moving on a smooth horizontal table 
along the same straight line towards each other with the same speed u, collide directly. Just after 


collision, the particle A comes to rest. Show that the coefficient of restitution is Z, and that the 
magnitude of the impulse exerted on B due to collision is 2mu. 


POP eR RRA REE EEE OH HHRMA EHH ASEREMEEHHEREREHERERAHRHO HEE HEHEHE ETERS SEH ETEK H HHH HEATHER ROH E AHH OHH ROR EE 


COR EO ET REE REET RE TER EEA REE HEHE SHES HHT HT HEH EE RHEE HOD 
eee eee eee eee eee eee eee eee eee ee eee eee ey 


ew eae naaeeeenaree ras bees eoeeeranensaane 


Ave eee eee se MEMRAM EEE HER ATED Hee RAAR ETHER EOE E ee TREE ee 


wae eee sae en noone 
eee eee ee eee eee eee eee eee 


Reh e PaaS R REESE PETER REAR HEHEHE TETHER HEAP SEER ROH H FS EP ESS EET TEMES Eee RR EEK HEHEHE EMH ETH KARE HEHEHE HEHE RRL AE TARE AE ERE HS CHEE 


eee eee eee ee eee eee eee eee eee eee eee eee eee ee eee ee tépa 


BEES e eee eee ee mre wae EER ETE EERE FE KER EOE SR 


ee 


2. A particle is projected from a point on the horizontal ground, at an angle a{O<a< = \to the 


horizontal, with initial speed u=./2gR, where R is the horizontal range of the projectile on 
the ground. Show that the angle between the two possible initial directions of projection is S : 


SRR ew HASHES STAD RE SHEA HEHEHE REE FEET 


Aaa en eee ver eeeaeaean ean eeeeeeare 
aeaeeeaee 
CARO RAE TERE HEHE EEA RETRO ERO OE O RR ETE HOHE EHH EEA HHH RARE AEER EEE EH HEH ER HEHEHE HERE PERE ere Ewe ERAS OAS 
sr... 


ee ee ee ee 


sere e ane 


Cee e rarer ee eee eee ROAD 
RARER meee EERE RE Re PERERA ESTE TMM BARRETT STEEP HH HHH EE HEP ERHEHE THOS TEEGATE HH eHRAC AAA E READE H HEHEHE TEBE EE OS 
een eoneatoe 
ARO ee Cae EEE OTRO TORRE OORT ER OH EEA HOTTER ERE HEHE THE HRA S TERETE REE e Re Tee TREE 
waae 


eee eee ee eee ee ee) 
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A particle P of mass m and a particle Q of mass Am are attached to the two ends 
of a light inextensible string which passes over a smooth fixed pulley. The system 
is released from rest, with the string taut, as shown in the figure. The particle P 
moves downwards with acceleration $. Show that A = 3 


If the particle P strikes a horizontal inelastic floor with speed v and the particle 
_Q never reaches the pulley, find the time taken by the particle Q to reach the. 


maximum height from the instant when the particle P struck the floor. 


eee eee eee eee eee ee eee ee ee eee eee eee eee eee eee eee ee ee ee eee ee ee ee eee eee eee eee 

oe ee ee ee ee re ee ee 

eee eee eee ee eee eee eee ee ee eee eee ee eee eee eee eee eee ee eee ee ee ee ee ee ee ee ee ee 2 oe) 

PAO AeA ER TTT OE RAS EE RHEE EER EHH OHHH ETE ETHERH EE HEHEHE EET HHH RHEE HERTHA ARE EEE ROTA HATCHER TREO RET H ETE aR RESET 
eee ee ee 
PUTCO RAO HEH AEE REE EERO TREE HATE OHH TNE SEETHER HEH KOE HERR REH EHH HEARTH RH HEED HCE E PERE E RAC RETO ERE HE Ree TORO TE AoE 
DOO a EO HR EOE ETE E MEOH HAE EMRE ESHOP AREA H RHEE HEE ESE TARE THEHEHSA RHE HHH OHHH HEHEHE HH EREHAE HAH HERE E DORE EEO ADE REE EE 

TERRE OMA RETA EHH E HE OK HARE ERE ERE TER BRET EPH ES EERE EEE EHH ESET EEE EERSTE EH HHT FETA EHP HH EEE EHH E REE KEEeE Oe eEEEE 

DEORE OEE REAR A TATE REE EEE TEETER EERE EEE EOE ERR EERE ETE ORTH EET ENT HTTPS ETH RHR ERT HERR EERE H HEHE EEE HEH eee eee 

tee eee eee ee eee eee eee eee eee eee ee ee eee eee eee ee ee eee ee eee ee eee eee eee 


RPT CUTE E EPROP EAPERET EOP H AAO T ETE EER EEE EERE AREER AREER THREE AEE EEA HHS HHH HEPAT ERE TECH HHH ETE EEE FETE 


beh URE Cancer 8 therm arming tyre hfe nt nneine mre ine semen s mane te my 


aap ee eae ee ee ee ee 


4. Acar of mass 1200 kg moves with the engine shut off, down a straight road of inclination a to the 
horizontal, where sing = a! at a certain constant speed. Taking the acceleration due to gravity 


30° 
g=10ms7, find in newtons, the resistance to the motion of the car. 


Find the power of the engine in kilowatts, when the car ascends the same road, under the same 


resistance with an acceleration z ms’, at the instant when its speed is 15ms". 


Rea ee ERR eR REO ETE OO RARER EERE HEART TT EE EEE OOO MERE E HERR EH ER ER EET EES OTTER EEO E EERE TH OO PARR 
DEERE Re ENERO OR OO OOO A EO A DE HRA EEE A EE REESE ROE EERE EMER E AEE E AREER ERE E SOPOT EERE ETE OES OOT PP EHH H ET HEE EEE DEES TOES 
BCP TOU RE ORE RO HERE REECE EEO RAAT TE TREE EHH ETRE R RETR EE PEO OT ER EEE REE HES POT O REE ORES E Hee H HEME HEP HEHEHE ERAT HES 
CRAP DUNT OTTO OR Oe RARER ERE O HE EE OOH ERE ETRE REET R PROT TEETH RETEST OOOO ATED EOL EE ROHS OEE HES EEE EAH H RT THE EHH ERE REESE THe E Oe 
DORR OE ORE OO OREO A MEARE HEHEHE EE HMR E RADE OEE EEE ERO REESE DE ETT EERE SP RHE STH F ERSTE TSH HETEHA HEHE EEE EHE HOSE SEE EVES HERE EE EEE E 
CREE OOP HEART RARE OE EOE RAE EEO EEE THEE OO ERE RRR OEE OHHH EEE ETE TEESE THEE SHEN EE HEE KPH HEDE HES ETERS HHH ERED TEE E AHH HE HOE OH EEE 
TCC e ee eee eee eee ee ee eee eee ee ee eee eee eee ee eee eee Cee eee Ce ee Cee eee eee eee Cree ee eee ee ee eee eee eee 
Werte eee eee ee eee eee eee eee ee eee eee eee eee eee eee eee ee eee eee eee ee eee eee ee ee eee eee ee ee 


re ee ee ee 2 dd 
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were errr eee ee ee ee eee eee ee ee ee ee ee ee ee ee ee ed 
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5. In the usual notation, let 3i and 2i+3j be the position vectors of two points A and B 
respectively, with respect to a fixed origin O. Let C be the point on the: ee line OB such that 


OCA = > Find OC in terms of i and j. 


16. A uniform rod AB of length 2a and weight W, is held in equilibrium 
_ by a light inextensible string BC, and by a horizontal force P 
applied at the end A, as shown in the figure. Given that the rod 
makes. an angle 45° with the horizontal, show that angle @ that 

the string BC makes with the horizontal is. given by tan@=2. 


Find the tension in the string, in this position, in terms of W. 





[see page five 
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Let A and B S two events in a sample space S. With the usual notation, P(A) = =, P(B) = Land 


P(AN B) = Z . Find P(AIB’), P(A'N B’) and P(B'|A’), where A’ and B’ ga eae 
events of A cal B respectively. 


8. A bag contains 4 red balls and 3 black balls which are identical in all aspects except for their 


colour. Four balls are drawn from the bag at random, one at a time, without replacement. Find 
the probability that 


(i) the balls drawn are of the same colour, 
(ii) the balls drawn, on any two consecutive draws are of different colours. 





[see page six 
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9. Five positive integers each of which is less than 8, have only one mode. Their mean, mode and 
median are in the ratios 6:10:5. Find these five integers. 





| 


the standard deviation o were calculated as 28°C and 4°C respectively. However, after detecting| + | 


that two of the above temperatures have been mistakenly entered as 35°C and 21°C, they were | 
later corrected as 25°C and 31°C. Find the correct values of u and ø. i 





XÆ [see page seven 
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Combined Mathematics II 


Æ Answer five questions only. 
(In this question paper, g denotes the acceleration due to gravity.) 


11.(a) A lift moving in a mine pit of depth 4d metres begins to move vertically downwards from rest 
from a point A, at time ¢ = 0. First, it moves a distance d metres with constant acceleration 


Š ms”, and then it moves with the velocity attained at the end of that motion, for another 


distance of d metres. The lift then moves the remaining distance with constant retardation so as 
to come to rest exactly at the point B at a distance 4d metres below A. 


Sketch the velocity-time graph for the motion of the lift. 
Hence, find the total time taken by the lift to move down from A to B. 


(b) A ship is sailing due North with uniform speed u km tr!, relative to earth. At a certain instant 
a boat B, is observed at an angle B East of South, from the ship at a distance p km from the 
path of the ship. At the same instant, a boat B, is observed Westward at a distance q km from 
the ship. Both boats sail in straight line paths, with uniform speed v (>u) km h! relative to earth, 
intending to intercept the ship. Sketch in the same diagram, velocity triangles to determine the 
paths of the boats relative to earth. 


Show that the path of the boat B, relative to earth makes an angle B -sin (SPE ng ) West of 
North, o find the path of the boat B, relative to earth. 


Let B = 3 and v = V3u. Show that if 3q? > 8p?, then the boat B, will intercept the ship before the 
boat on 


12.(a) The trapezium ABCD such that AB = a and BAD = Z, shown in the figure, is a vertical cross- 


section through the centre of gravity of a smooth uniform block of mass 2m. The lines AD and BC 
are parallel, and the line AB is a line of greatest slope of the face containing it. The block is placed 
with the face containing AD on a smooth horizontal floor. A particle P of mass m is placed at the 


f= a 


point A and it is given a velocity u along AB, where uw = 3 as shown in the figure. Show that 


the retardation of P relative to the block is £8 and find the velocity of the particle P relative to the 


block when the particle P reaches B. 


Also, there is a small hole on the upper face of the block at the point E on BC such that 


x . By considering the motion relative to the block, show that the particle P will fall into 


the hole at E. 
B C 
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(b) One end of a light inextensible string of length ais attached to a fixed point O and the other end 






to a particle P of mass m. The particle hangs at rest vertically below O, and it is given a horizontal 
velocity of magnitude u = kag , where 2<k<5. Show that, when the string has turned through 






an angle @ and still taut, the speed v of the particle is given by v? = (k — 2) ag + 2ag cos 8. 







Find the tension in the string, in this position. 





Deduce that the string becomes slack when 6 = a, where cosa = af . 


13. A particle P of mass m is attached to two ends of two equal light elastic strings, 
each of natural length a and modulus mg. The free end of one string is attached to 
a fixed point A, and the free end of. the other string is attached to a fixed point B 
which is at a distance 4a vertically below A. (See the figure.) Show that, with both 







strings taut, the particle will be in equilibrium at a distance 53 below A. 






The particle P is now raised to the mid-point of AB and is gently released from 
rest in that position. When both strings are taut and the length of the string AP is x, 
2g 5a | 


show that ¥ + 78 (x _ 3a) = 0., 
a 2 









Re-write this equation in the form X+w*X =0, where X =x -34 and w” = 2n 






Using the formula x= oc? = x?) , find the amplitude c of this motion. 






At the instant when the particle P reaches its lowest position, the string PB is cut. 









Show that the particle reaches its highest position in the new motion when x = a. 







Show further that the total time taken by the particle P to move from its initial position at x= 2a, 


_ a distance a downwards, and then a distance 7 upwards is F 39 (3+ v2). 







14.(a) Let OAB be a triangle, D be the mid-point of AB and E be the mid-point of OD. The 
point F lies on OA such that OF : FA=1:2. The. position vectors of A and B with respect to O 
are a and b respectively. Express the vectors BE and BF in terms of a and b. 


Deduce that B, E and F are collinear and find the ratio BE: EF. 
Find the scalar product BF.DF in terms of la] and |b] and show that if lal = 3|b|, then BF is 
perpendicular to DF. | 













A system of forces in the Oxy-plane consists of three forces 3Pi + 2Pj, 2Pi — Pj and —Pi + 2Pj 
acting at the points (a, 2a), (0, a) and (—a, 0) respectively, where P and a are positive quantities 
measured in newtons and metres, respectively. Show that the clockwise moment of the system 
about the origin O is 12Pa Nm. 







Also, show that the system is equivalent to a single resultant force of magnitude 5PN and find 
its direction and the equation of the line of action. 






Now, an extra force is introduced to the system so that the new system is equivalent to a couple 
with clockwise moment 24Pa Nm. Find the magnitude, direction and the equation of the line of 
action of the extra force. 







es 
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15.(a) A uniform rod AB of weight W and length 2a, has its end A placed’ on a rough horizontal 
ground and the end B against a smooth vertical wall. The rod lies in a vertical plane 


perpendicular to the wall and makes an angle @ with the horizontal, where 


-3 
tn =7 


A particle of weight W is attached to the point C on the rod with AC = x. The rod with the particle 


is in equilibrium. The coefficient of friction between the rod and the ground is a4 


6 


Show that x < 3a, 


(b) The framework shown in the adjoining figure is made of 
five light rods AB, BC, AC, CD and AD freely jointed 
at their ends. It is given that AB = a, BC = 2a, AC = CD 
and CAD = 30°. A load of weight W hangs at D and the 
framework is in equilibrium in a vertical plane with AB 
horizontal and AC vertical, supported by vertical forces 
P and Q acting respectively at A and B in the directions 
indicated in the figure. Find the value of Q, in terms 
of W. 


Draw a stress diagram using Bow’s notation and hence, 
find the stresses in the five rods and state whether these 
stresses are tensions or thrusts. 


16. Show that the centre of mass of a uniform solid hemisphere of radius a is at a distance 
centre. 


A hemispherical portion of radius a is carved out from a uniform solid 
right circular cylinder of radius a, height a and density p. Now, a uniform 
solid hemisphere of radius a and density Ap is fastened at its circular face — 
to the circular face of the remaining portion of the cylinder, so that the two 
axes of symmetry coincide, as shown in the adjoining figure. Show that the 
centre of mass of the body S thus formed, lies on its axis of symmetry at 

: (1A + 3)a 
a distance AOA from O, the centre of the rim. 
Let 2 = 2 and let A be a point on the circular rim of the 
body S. 


This body S is kept in equilibrium against a rough vertical 
wall by means of a light inextensible string with one end 
attached to the point A and the other end to a fixed point 
B on the vertical wall. In this equilibrium position, the 
axis of symmetry of S is perpendicular to the wall and 
the hemispherical surface of S$ touches the wall at the 
point C at a distance 3a vertically below the point B. (See 
the adjoining figure.) The points O, A, B and C lie ona 
vertical plane perpendicular to the wall. 


If u is the coefficient of friction between the hemispherical 
surface of S and the wall, show that uw > 3. 


3" from its 


see page ten 
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{17.(a) AIl applicants who apply for a certain job in an institute are required to sit for an aptitude 
test. Those who obtain A grades in this aptitude test are selected for the job, and the rest of 
the applicants have to face an interview. In a survey, it was found that 60% of the applicants 
get A grades, and of these, 40% are females. From the applicants who face the interview, only 
10% get selected and 70% of them are females. 









Find the probability that 


(i) a male is selected for this job, 
(ii) a male who bas been selected for the job has obtained an A grade for the aptitude test. 







(b) Waiting times (in minutes) before being treated of 100 patients at a certain hospital are collected. 
The following table gives the distribution of values obtained by subtracting 20 minutes from 
each of these times and dividing each of the resulting differences by 10. 







Estimate the mean and the standard deviation of the distribution given in this table. 


Hence, estimate the mean ft and the standard deviation o of the waiting times of the 100 





patients. 









Also, estimate the coefficient of skewness x defined by x = p -M , where M is the mode of 
the waiting times of the 100 patients. 





